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Standing Wave Solutions of Planar Irregular
Hexagonal and Wye Resonators

JOSEPH HELSZAJN, MEMBER, IEEE

Ah-act- Suitable planar resonators for the design of three-port sym-
metrical junction circulators are the irregular hexagonal resonator and the

wye resonator consisting of the junction of three open-circuited stnbs. This
paper describes the equipotential standing wave solutions and cutoff num-
bers of some lower order modes in such resonators using a finite element

program. Circulator standing wave solutions in magnetized hexagonaf and

wye resonators are obtained by taking suitable combinations of those of the
demagnetized resonators. The paper also includes the solution of planar
resonators formed by the junction of four open-circuited stubs.

I. INTRODUCTION

A N IDEAL synthesis procedure for the design of

planar junction circulators is one where the resonator

shape can be varied or selected as part of the design [1]. To

date, junction circulators using disk [2]– [5] and triangular

[6], [7] resonators have been fully described. Two other

planar resonators that have the symmetry of the three-port

junction circulator are the irregular hexagonal resonator

and the wye resonator formed by the junction of three

open-circuited stubs. Although these two resonators are

used commercially they have not been described in the

literature. This paper gives the equipotential lines for the

first three modes in each of these resonators using a finite

element program [8], [9]. It also gives the cutoff numbers

for each resonator. In the case of the irregular hexagonal

resonator this is done as a function of the angle r#I sus-

tended by the smallest side of the hexagon. The case ~= O

corresponds to a triangle and the case @= 60° describes a

regular hexagon. The schematic diagrams of the two reso-

nators described in this paper are depicted in Figs. 1 and 2.

The cutoff number of the regular hexagon has also been

calculated in [10] using a transverse resonance method.

Although it is difficult to visualize rotation of the

equipotential lines in magnetized hexagonal and wye reso-

nators it is nevertheless possible to construct circulation

solutions using such resonators by taking suitable linear

combinations of those of the demagnetized ones. This is

done for the first two circulation modes of each resonator.
The paper also gives the standing wave patterns and

cutoff numbers of the first six modes in planar X resona-

tors formed by the junction of four open-circuited stubs.
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Fig. 1. Schematic diagram of irregular hexagonaf resonator.
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Fig. 2. Schematic diagram of wye resonator.

H. EQUIPOTENTIAL LINES IN PLANAR IRREGULAR

HEXAGON RESONATOR

The equipotential lines and cutoff numbers of the first

three modes of the irregular hexagon resonator in Fig. 1

have been computed using a finite element program package

[8], [9] and are described in this section. The hexagon is

subdivided into six triangular elements and a fourth order

polynomial approximation is made to the EM fields in

each triangle. A fourth order polynomial is used in the
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Fig. 3. Mode chart of irregular hexagonal resonator.

analysis in that the volume of labor involved in setting up

the matrix problem for higher order polynomials becomes

unwieldy. The number of triangles chosen is determined by

the fact that the amount of computer time taken to solve

the problem is not linearly dependent upon the number of

triangles used [8].

A graph of the cutoff numbers of the first three modes

versus the apex angle of the smaller triangle contained

witl-@ the hexagon is illustrated in Fig. 3. The case where

@=O is a triangle and @=60° is a regular hexagon. The

modes of the irregular hexagon resonator are designated

TM ~, ~,~ limit modes. l%is nomenclature is consistent with
that used in [6], [11] to describe the modes in triangular

resonators. The meaning of m, n, L is defined in [11]. It is

observed from Fig. 3 that the syrmetric TM1, 1,_ z limit
mode is degenerate with the TMZ, –Z,O limit mode. This

property may find application in the design of junction

(a)
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(b)

0.74

(c)

circulators in which each eigenresonator is resonant [ 14]. Fig. 4. Equipotential lines for:(a) TM1,O, _, limit mode in hexagonal

The cutoff numbers for the first three regular hexagon resonatoq (b) TM2, – ~~ limit mode in hexagonal resonator; (c)

resonators are
TM,, –,, – z, limit mode & hexagonal resonator.

(kr),,o,_, =2.00
free space wavelength, in meters

m, n, 1,satisfy m+n+l=O.
(kr)2,-2,0=3.35

(kr),,,,_2=4.20
Fig. 4(a)-(c) indicates the equipotential lines of the first

three TM modes in this resonator assuming perfect mag-

and for the triangular resonator
netic wall boundary conditions, exist at its periphery. In

(kr)l,O, _,=2.45
these illustrations @is chosen as 30°. The lack of symmetry

which may be noted in certain plots is due to the numerical

(kr),,,,_2=4.15 approximation and can be eliminated by taking more

(kr),,_,,0=4.85
elements in the finite element program,

The resonant modes produced by the program are or-

where
thogonal and they have ‘been normalized so that the

distribution ~. satisfy the condition

k=~& ~~$;ds= 1.

0 It is observed that the s$anding wave solutions in

cf is the relative dielectric constant, Pd the relative demag- 4(a)-(c) have the symmetry of demagnetized disk

netized permeability of the ferrite material, and, Ao is the triangular resonators used in circulator design [5], [6].

field

Fig.

and
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III. EQUIPOTENTIAL LINES IN PLANAR WYE 0.9

RESONATOR
/’.

/ ‘.

The equipotential lines and cutoff numbers of the wye
/ >

resonator in Fig. 2 have also been computed. [8], [9] The
/

\

/
/ /

wye is subdivided into 13 triangular elements and a third

order polynomial approximation is made to the EM fields
/

\

/

\

/

in each triangle. -1,81 -0.11

Fig. 5(a) indicates the equipotential lines of the funda-

_ll [[[0)

/~– – –. —
/

mental TM mode in this resonator assuming that perfect
(

magnetic wall boundary conditions exist at its periphery.

This standing wave solution has the symmetry encountered — — /
\————

in demagnetized disk and triangular resonators.

The cutoff number of this mode has also been computed

and is given by

kr= 1.643

where

k=~~
o

c, is the relative dielectric constant, p ~ the relative demag-

netized permeability of the ferrite material, and AO is the

free space wavelength, in meters. This cutoff number ap-

plies for W/R =0.4, W and R defined in Fig. 2.

Fig. 5(b) and (c) depict the first symmetric and the first

higher order TM modes in planar wye resonators. The

cutoff numbers for these two modes are
-1.27 _

r

:11

—

kR=3.33 j
kR=4.91.

The equipotential lines of the symmetric mode in Fig.
—JL2.

5(b) dispjays a maximum value both at the center and it

the end of the stub and exhibit a zero approximately

midway along the stub at

kR~ 1.67.

The standing wave solution in Fig. 5(c) is also suitable for

the construction of planar circulators.

IV. STANDING WAVE SOLUTIONS OF JUNCTION

CIRCULATORS USING HEXAGONAL RESONATORS

It& observed that the equipotential lines in Fig. 4(a) and

(b) have the symmetry encountered in demagnetized disk

and triangular planar resonators used in circulator con-

struction. They may therefore be used to construct circula-
-1,$7

tors on planar magnetized circuits.

Although it is difficult to visualise rotation of the stand-

ing wave patterns within the resonator when it is mag- ‘1—

netized, it is nevertheless possible to obtain phenomeno-

logical circulator boundary conditions with these resona-

tors by taking a linear combination of two demagnetized

field patterns [7]. This is shown in Fig. 6 for the dominant

mode. This illustration suggests that an ideal circulation

condition can be realized by coupling to the resonator at

either terminals a or b.

The circulation solution in Fisz. 6 is obtained bv rotatinz
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the demagnetized standing wav~ pattern by 120: and sub: Fig. 5. Equipotentiat lines for: (a) dominant mode in wye resonator; (b)

tracthg it from the original solution [7].
first symmetric mode in wye resonator; (c) first dominant mode in wye

resonator.
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Fig. 6. Eqnipotential lines for dominant mode circulation solution in
1,s

hexagonaf resonator.
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Fig. 7. Equipotentiat lines for dominant circulation mode in wye reso-
nator.
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Fig. 8. Schematic diagram showing definition of: (a) “au” terminals;
(b) “bb” terminals.

V. STANDING WAVE SOLUTION OF JUNCTION

CIRCULATORS USING WYE RESONATORS

The equipotential lines in Fig. 5(a) and (c) have also the

symmetry encountered in planar resonators for use in the

construction of planar circulators on magnetized sub-

strates. Circulation solutions in magnetized wye resonators

may therefore also be obtained by taking a linear combina-

tion of two standing wave solutions of the demagnetized

wye resonator with one of them rotated through 120°. This

is shown in Fig. 7 for the dominant mode in the wye

resonator. Fig. 7 indicates that an ideal circulation condi-

tion can be realized by coupling to the wye resonator at

either of the terminals illustrated in Fig. 8.

The arrangement in Fig. 8(a) leads to a widely used but

ill understood commercial quarter-wave coupled three-port

junction circulator whose outside radius is of the order of a

quarter-wave at the operating frequency of the device. Fig.

9 indicates the frequency response of one commercial

device based on this type of circuit.

Fig. 10 depicts the standing wave solution for the first

higher order circulation mode in wye resonators.
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Fig. 9. Frequency response of quarter-wave coupled wye resonator.

Fig. 10. Equipotentiaf lines for the first higher order circulation mode in
wye resonator.

VI. STANDING WAVE SOLUTIONS OF PLANAR X

RESONATORS

Symmetrical planar resonators may also be constructed

by the symmetrical connection of any number of quarter-

wave stubs. This section gives the equipotential lines and

cutoff numbers of an X resonator formed by the junction

of four open-circuited stubs. This resonator has the sym-

metry required for the construction of four-port single

junction circulators.

Fig. 1 l(a)–(f) indicate the equipotential lines in the first

six modes in the X resonator. The corresponding cutoff

1-16,----
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kK=3.4&

k-R. ’$.93 kK.4. s

(e)’ (f)

Fig. 11. Equipotentiaf lines for: (a) and (b) dominant modes in X reso-
nator; (c) first symmetric mode in X resonator: (d) second higher order
mode in X resonator; (e) and (f,) third higher order modes in X

numbers are resonator.
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Fig. 12. Schematic diagram of mode patterns for the
four-port single-junction circulator.

kR= 1.68

kR= 1.68

kR= 1.86

kR= 3.48

kR =4.98

kR=4.98.

o
construction of

The standing wave solutions of the first three nonsym-

metrical modes are formed by taking linear combinations

of the intersection of two half-wave long stubs with ap-

propriate open-circuited terminals. This is also the case for
the first higher order mode except that now the intersecting

stubs support one- and half-wave long resonances.

Fig. 12 depicts one possible linear combination of X

resonator modes for the construction of a four-port single

junction circulator. This adjustment may be realized ex-

perimentally by tuning the cutoff number of the first

symmetric mode ( kR = 3.48) to that of the first nonsym-

metric one (kR = 1.86), with the aid of a thin metal post

through the center of the resonator. Such a metal post will

leave the nonsymmetric modes unperturbed since the elec-

tric field is zero at the center of the resonator for these

modes.

An additional study of the X resonator indicates that the

modes of this resonator are degenerate with those of a

planar square resonator with similar magnetic side walls in

the limit as the angle@ sustended at the origin by the width

of the outside terminals approaches 90°. The modes of the

X resonator may therefore be labelled TM~, ~,. limit modes.

For example, the two lowest order degenerate modes may
be obtained by a superposition of the TM1,O,O and TMO, ,,0

modes in a planar square resonator,

VII. CONCLUSIONS

Two planar resonators having the symmetry required for

the construction of three-port junction circulators are the

irregular hexagon and the wye resonator. This paper has

described the standing wave solutions and cutoff numbers

567

for the first three modes in each of these resonators using a

finite element program.

The standing wave solutions for the first two circulation

modes in these resonators have also been obtained. Circu-

lators using wye resonators lead to particularly compact

quarter-wave coupled junction circulators. The paper in-

cludes the solution of some lower order modes in an X

resonator formed by the symmetric junction of four open-

circuited stubs.
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